
Marius DrHgan

INEQUALITIES
IN BICENTRIC

QUADRILATERAL

Editura Para!ela 45

https://www.libris.ro/AfiseazaProdus.jsp?pr_id=20685393&cat_id=7553


Contents

P reface

Preliminary notions

Blundon-Eddy inequality
2.1 A geornetrical proof of Blundon-trdd1. inequality in bicentric

quadrilateral
2.2 A new proof of Blundon-Eddy inequalitl- ancl some applications
2.3 Some consequences of Blundon-Edd1,' inequalitv
2.4 An algebraic proof of Blundon-trddy inequalitl,

Some Hadwiger-Finsler inequality types in bicentric quadri-
lateral

Yun's inequality
4.7 The best Yun's inequaiity type for bicentric quadrilateral
4,.2 A rational refinement of Yun's inequality in bicentric quadri-

lateral
1.3 An irrational refinement of Yun's inequality in bicentric quadri-

1.4 The best bounds of the sum I 1/rln f cos f ir. bicentric
,.U,.1 ie v

quadrilateral 90

Some relations between the tangent lengths of a bicentric
quadrilateral 94

The sum of the power sides of a bicentric quadrilateral 111

A refining method of some geometric inequalities in bicen-
tric quadrilateral L23

1

2

6

7

I

15

15

24

39

55

57

62
62

67

77



!o ruaql Jo du€ur 'gd Jo
-reirlnenb aql uroq s+lns

,p Jq] alercardde e6
rqrq leraua8 aq1 saprseq
r:ds e saaeld Joqlnts aql
zrrbaur l{ < Url}gJ
er-Lbaur 8ur1sa.ra1ur Jaqlo
Jra .ro3 aurrl srq+ dluo '9
ierp pue 'srs.,{1eue aql Jo

{r sl{srlal I ;a1deq3
at{r aq} uo poseq 'saprs

,risrlclelsa g ;a1deq3
'serlrpnbaur

nC arl+ rraql 'srrorlenba
rlr.rJSUr Oql O+ SAXAUA-\

iPtrapun q raldeq3

: -ro urns lecrlc{c aq+ uo

-ior{}rru aq} dq paurts}qo
s-.rrlltuol p raldeq3
rlPuE uB Surlerlsuoruap

:tlr .roJ saddl o.rq Sur,teq
j-rdeqr prrrll dqJ

.rrlenbaur gd s€ IIaA\ s"
gd) Itsroltslrrptsnb cr:l

::rtleq; puocos aqJ
:r3r{} o} Srrrp.rocce alcJr)
q aJuelsrp eq1 sessardxa
-;-u Buoure 'suorlular pc
r rs.rq aqa 's"raldeqrqns

.-):t tjs sr looq aqI
suralqord 8ur1se;e1ur

.r.'?ruop aq? o+ pa+elar
P.:B iJJ Ea)Jrtr\(( o3a11o3

rr.-\a.r Jr\ J€Q} {JO.^. ArlJ

8Vr
LVI
88I

997{qder8o;1q;g

I€raltslrrp€nb crrluacrq ur qeuoBerp Burrr.lolur serlqentraur /raN g.6

: Tr."t.ry:T:r:t:"rqurdllenbour.t {<UJo }uaruauuorartr Z.6

crr+uacrq ur sacuanb;r;;, ;; pr, 
^rrrnr,o"r, [J:ffiH|I.,H I.6

lero+Blrrpunb cr.rluoclq ur seplrpnbeur rloN 6

I8I IBro+Bl
-l.rpunb crrluaclq ego sqltuel luetue+ oqlJo s.reaa,od orl+Jo runs oq;, g

88r



.:--:, -s clear and concise.
',':- : :-,e ri'elCOmed.

: >:,':cialist in the domain
:'.-. :i,lt On1y.

:-rr:^lt book, at the border

Plof. dr. Marcel fena

Chapter 1

Preliminary notions

Definition 1.1 A bicentric quadrilateral is a convex quadrilateral that has

both an incircle and a circumcircle. The radius of these circles are called
circumradius and irradius. We denote their lengths with E and r, with O
the center of circumcircle and 1 the center of incircle. Bicentric quadrilateral
respects all the properties of tangential and cyclic quadrilaterals.

Poncelet porism. If two circles one within the other are the incircle and
circumcircle of a bicentric quadrilateral, then all the points of circumcircle
are the vertices of a bicentric quadrilateral, having the same incenter and
circumcircle.

D1

Figure 1.1
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In the following we denote by a: AB, b - BC, c: CD, d: DA,
d : OI, s the semiperimeter, -B the radius, r the inradius, f' the area,
frL:bc* ad, fr2: ab* cd, frt: o,c-fbd, BD: dt, AC : dz. We have the
following lemma:

Lemma L.L In eaery bi,centric quad,ri,lateral the followi,ng equali,ti,es are true:

F2 : (s - a)(s - b)(" - c)(s - d): abcd,

fr1 * 12: 32

4sRrrt: rj,t t fr2:

11s
I
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: (o - b)' (" - ")2(o - d,)' (b * d2 @ - a12 1c - a12

(a - b)2 (a - d2 @ 
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Another way to prove the equality is to use the equality

^'2 t^r - \r - ,r)(, - b)(t - ")(s - d) : t2r2 or

-'3+o2s-o3:0' or

o3 : s(.o2 - "'), or

,2 (o, - t')' - 4s2r2 o2 + 4r2 sa : l6R2r2 s2 , or

ol - 1zt2 I 4r2)o2 + sa + 2s2r2 - 1612 R2 : o,

o2 : s2 l2r2 + 2ryEPz a ,z .

Since o2 : rt l 12l 13: s2 * 13, it follows the statement.

(7) We have

(a - b)2 (a - c)2 @ - d;' (b - q2 (b - a)2 @ - Q2

- t(n - b)(. - il)'l@ - ")(b - d,))'l(a - d)(b - "\2- L\u 
: (rr ' ,z)2 (*z - *s)2 (rz - *r)' .

(8) From (1.7) we have

n(o * or 
:'r"n, i.','r!,":;.,'.\'i,r--'?,'r,, a *,) * r1r2), (*)
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rtLd z1 I 12 : s2.

Replacing in (*) we obtain

rr(o - t)' : lrn 
* 8, (\/4R' + r'z- r),'] ln' (, + J4R'z + r)'z

- z, (, + GR' + r') "' * 2, (\/4R' + r' - ,) ,')'

13

\/4R,+7-,)] ["'- (,* J4R+,,)']'

(9) It foltows from (1.4) and (1.6) since d1d2: ar.

i10) It follorn's from (1.5) and ,F : sr or s2r2 : abcd.
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Chapter 2

Blundon-Eddy inequality

2.L A geometrical proof of Blundon-Eddy
inequality in bicentric quadrilateral

The purpose of this chapter is to give a geometrical proof of Blundon-
Eddy inequality using basic knowledge of mathematical analysis.

Let ABCD a bicentric quadrilateral with AB : a, BC : b, CD : c,

DA: d, O the center of circumcenter with radius R, I the center of incenter
with radius r, S the semiperimeter, d : OI, frr : bc I ad, fr2 : ab + cd)

xt: ac -l bd. We remember the following lemma.

Lemma 2.L In eaery bi,centri,c quadri,lateral the followi,ng equali,ti,es are true:
i) r11_ 12: $2
i,i) !Ern2!03 : 52 -l2r2 + 2'vt/[PlP
i,i,i,) rs: Zr 

l1/4R2 + 12 + r)
,A bc

ta) tan' ,: od

Prcrf. i,),i,i,) and ii,i) are proved in [2], qa) see [61.
AIso, the F\rss theorem is well known.

Theorem 2.L In eaerA bicentric quadrilateral the following equali,t'ies are
tnte:

_o

il a' : R2 I r2 - rl[pJp
111;;\ 

-r---

""' (R-a), ' (R+d1z- ,z

Pffif. See [3], [a] and [5].
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